c3 



- 1—1 

X 



KACKA^HblE COEAHHEHHa 
MOronAPAMETPHHECKHX JIHHEHHblX CHCTEM H 
KOHCEPBATHBHA5I PEAJ1H3AIJH5I PA3JIC»KHMOH 
BHYTPEHEH OIIEPATOP-cpyKIJHH B BHKPYrE* 



J\. C. KajIK)>KHt>IH 



o 

O 
O 

AHHOTau,H« 

Q We introduce the notion of cascade connection of multiparametric dis- 

crete time-invariant linear dynamical systems with unit delay. This 
CO allows us to construct the explicit example of conservative realization 

^ of a decomposable operator-valued function 9(z\,Z2) = ^2(^2)^1(^1); 

where 6\ and 62 are inner operator- valued functions on the unit disk, 
vanishing at zero, and discuss some properties of such realization. 



Mm BBOflHM noHHTiie KacKa,a,Horo coeflimeHira MHoronapaMeTpiiuecKiix 
,a,HCKpeTHbix jiHHefiHbix CTannoHapHbix flHHaMnuecKnx chctcm c e^n- 
"""^j HHUHbiM 3ana3,a;E.iBaHHeM. 3to no3BOjraeT HaM noerpOHTb HBHbift npn- 

Mep KOHcepBaTHBHofi peajiH3aniiH pa3jio?KHMOH BHyTpeHHeft onepaTop- 
cpyHKniin 6(zi, Z2) = ^2(^2)^1(^1), r,a;e 6\ h 62- BHyrpeHHiie onepaTop- 
(pyHKrj^HH b e,a;HHHUHOM Kpyre, Hcuesaioinne b Hyjie, h o6cyflHTb Heico- 
Topbie CBoficTBa TaKofi peajiH3aniiH. 



BBe^eHne 

B nocjie^Hue 10-15 JieT ycnjinjica HHTepec k Teopiiii MHoronapaMeTpiiuec- 
khx jipmeuHbix CHCTeM, T.e. TaKux, b KOTopbix pojib BpeMeHH urpaeT y>Ke 
MHoroMepHbiu napaivieTp, ^HCKpeTHbiu hjih HenpepbiBHbiu, b cb33h c iiccjie- 
flOBaHHeM onepaTopHbix HaSopoB (cm. [1, 2]), MHoronapaMeTpiiHecKoii Te- 
opueii pacceaHHa (cm. [3, 4]), JiiKpTHHr-Teopneii 11 Teopneii HHTepnojianiiii 
fljia HecKOJibKPix KOMnjieKCHbix nepeMeHHbix (cm. [5, 6, 7, 8, 9, 10, 11]). B 
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paSoTax [12, 13, 14] mm pa3BHBaeM ncmxcm k Teoprra MHoronapaMeTpiiHec- 

KHX flHCCHnaTHBHblX (KOHCepBaTHBHblx) JIHHeHHblX CTaUHOHapHblX flHHaMH- 

necKHx CHCTeM pacceaHHa, TecHO yBa3aHHbift c HHTepecaMii Teopiiii (pyHKutiii 
HecKOJibKHx KOMnjieKCHbix nepeivieHHbix, TeopnH ynpaBJieHiia h Teopiiii one- 
paTopoB, b nacTHOCTH, c HsyneHiieM jiHHeiiHbix ny^KOB cjKHMaiomHx (ynn- 
TapHbix) onepaTopoB Ha bahhhhhom iV-MepHOM Tope T N . 

B [12] bbo^htch noHHTne N-napaMempunecKou AuneuHou cmai^uonapHou 
duHaMUHecKoii cucmeMU BH^a 

-If! = £Hi kX ?~ ek l + * kU{ ?~ ek) l' (tez», \t\>o) (o.i) 

\t\ := £jLi 4, flJia A; G {1, . . . , N} e k := (0, . . . , 0, 1, 0, . . . , 0) G Z N 
(3flecb eflHHHHa-Ha k-OM MecTe, h Hyjin-Ha ocTajibHbix MecTax); ^Jia Bcex 
t G Z N TaKHx, hto \t\ > 0, x(t) (g X), u(t) (g W), h fljia Bcex t G TaKirx, 
hto |t| > 0, y(i) (g 3^)^cooTBeTCTBeHHO cocuiohhuh, exodnue u euxodnue 
daHHue CHCTeMbi a, a X, U, 3^~cenapa6ejibHbie rmibSepTOBbi npocTpaHCT- 
Ba; fljifl Bcex k G {1, . . . , TV} A k G [A", A"], 5* G [W, Af], C fc G 3^], D fc G 
[W, 3^]^JiHHeHHbie orpaHHHeHHbie onepaTopbi (3^ecb ["Hi, ^2] o6o3HaHaeT 6a- 
HaxoBO npocTpaHCTBO jiHHeHHbix orpaHHneHHbix onepaTopoB, fleHCTByiomirx 
H3 cenapaSejibHoro riuibSepTOBa npocTpaHCTBa Hi b cenapaSejibHoe rmib- 
SepTOBO npocTpaHCTBO "H 2 )- Bboas o6o3HaHeHne T := (7\, . . . ,T N ) ^jia Ha- 
6opoB onepaTopoB, ^eiicTByiomHx b oSmeii fljifl hhx nape (bo3mo)kho, coBna- 
,a,aioiinix) rnjibSepTOBbix npocTpaHCTB, moxho fljin CHCTeMbi (0.1) ncnojib30- 
BaTb KpaTKoe o6o3HaHeHiie a = (TV; A, B, C, D; X,U, y). Ecjih z = (z\, . . . , z^) G 
C^, nojio>KHM zT := X]jfcLi z kT k . OnepaTop-cpyHKuna 

a (z) = zT> + zC{I x - zAy^B, (0.2) 

rojiOMopcpHaa b HeKOTopoii OKpecTHOCTii z = b C^, Ha3biBaeTca nepeda- 
moHHOu cfiyHKi^ueu CHCTeMbi a. CncTeivia a = (TV; A, B, C, D; X, U, y) Ha- 
3biBaeTca duccunamuenou (coome., KOHcepeamuenou) cucmeMOU paccennuH, 
ecjiH fljia Ka>K^oro £ G T N 



(A (B 
(C CD 



G [X © W, X © 



ecTb c>KHMaioiii;HH (cootb., yHHTapHbifi) onepaTop. B [5] JJjk. Araep BBeji 
KJiacc Sn{U-, y) rojiOMopcpHbix b otkpmtom ejxsawiaom noniiKpyre 3 N (pyHK- 
u,hh 9(z), npiiHHMaiomHx SHa^eHHa H3 [U, y] 11 Taxiix, ^ito ^Jia JiioSoro cena- 
paSejibHoro rajibSepTOBa npocTpaHCTBa H, jiioSoro HaSopa T = (r 1; . . . , T N ) 
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KOMMyTIipyiOmHX OK&THH B H H JIK)6orO nOJIO>KIITejIbHOrO r < 1 

II%T)|| W ^]<1, 

r^e 0(rT) onpeflejiaeTca nocpe^CTBOM t.h. HacjieflCTBeimoro (pyHKiriioiiajib- 
hoto iiCHiicjieHira (,n;eTajiii cm. b [5]). J\ii%- N = 1 (cootb., TV = 2) stot 
Kjiacc coBna^aeT c KjiaccoM fflypa S(U,y) (cootb., KjiaccoM S 2 (U,y)), co- 

CT05HU,HM H3 rOJIOMOp(pHbIX B D (COOTB. B D 2 ) OKHMaiOmHX [M, 3^]-3HaHHbIX 

(pyHKii^HH, ii b ^aHHoii CTaTbe SyuyT BajKHbi iiMeimo stii flBa ero nacTHbix 
cjiynaa. 06o3HaHHM nepe3 S%(U,y) no^KJiacc KJiacca S]si(U,y), coctohdxiih 
H3 onepaTop-(pyHKii;HH, iiCHe3aiOHi;iix b tohkc z = 0. B [12] noKa3aHO, hto 
Kjiacc nepeflaTO^Hbix (pyHKnrra iV-napaMeTpHnecKHx KOHcepBaTHBHbix jih- 
HeiiHbix CTan,noHapHbix flHHaMHiecKHx chctcm pacceaHiia, c npocTpaHCTBOM 
BxoflHbix ^aHHbix U ii npocTpaHCTBOM BbixoflHbix flaHHbix y, coBnaflaeT c 
S%(U, y). OflHaKO cymecTBOBaHiie KOHcepBaTHBHbix peajiiisairiiH ^Jia (pyHK- 
pfi 9 € S%(U,y), T.e. TaKiix KOHcepBaTHBHbix ciiCTeM pacceaHHa a Bii^a 

(0.1), HTO 9 = 9 a (CM. (0.2)), flOKa3aHO HeKOHCTpyKTHBHO. TaKHM o6pa30M, 

B03HHKaGT noTpeSHOCTb b hbhmx, KOHCTpyKTHBHbix npHMepax TaKHx pea- 
jiH3an,HH. B HacTOflmen CTaTbe bbo^htch noHarae KacKa^Horo coe,zniHeHHa 
a = ct^W 1 ) ciiCTeM h BH^a (0.1). Ero ocHOBHoe cbohctbo coctoiit 
b tom, hto nepeflaTOHHaa (pyHKHira (paKTopii3yeTca: 9 a (z) = 9 a (2)(z)9 a (i)(z). 
3to no3BOJiaeT HaM nocTpoHTb 3bhmh npHMep KOHcepBaTiiBHoii peajiH3an,HH 
pa3AootcuM,ou enympeHHeu onepamop-cfiyHKi^uu e 6uKpyse ID 2 , T.e. onepaTop- 
cpynKipffl 9 e S° 2 {U,y) BH^a 9(z u z 2 ) = 9 2 (z 2 )9 1 (z 1 ) , r fl e 9 1 e S°{U,V), 9 2 6 
S°(V, 3^)-BHyTpeHHne onepaTop-(pyHKHHH b Kpyre D; ^Jia nocjieflHHX JKe 
t.h. npocTbie (oflHonapaMeTpiinecKiie) KOHcepBaTiiBHbie peajiH3airHH ii3BecT- 
hm (cm. [15]). 

CiaTba HMeeT cjieflyioiiryio CTpyKTypy. B n. 1 mm npiiBOfliiM HeKOTopbie 
CBefleHHA 06 o,a,HonapaMeTpHHecKHx jiimeiiHbix CTainioHapHbix ^HHaMHHec- 
khx CHCTeMax (c 3ana3^biBaHiieM h 6e3 3ana3^biBaHiia) ii HanoMiiHaeM onpe- 
^ejieHiie KacKaflHoro coeflHHeHiia o^HonapaMeTpHHecKHx chctcm CTaHflapT- 
Horo Biifla (6e3 3ana3flbiBaHHa). B n. 2 mm ^aeM onpeflejieHne KacKaflHoro 
coe^HHeHHa iV-napaMeTpHnecKHx chctcm BH^a (0.1) h flOKa3MBaeM ccpop- 
MyjiHpoBaHHoe Bbiine ero ocHOBHoe cbohctbo. J\jih cjiynaa N = 1 mm yc- 
TaHaBJiHBaeM cbh3b BBe^eHHoro hohhthh KacKaflHoro coeflHHeHHH chctcm c 
eflHHHHHMM 3ana3flbiBaHHeM c cooTBeTCTByioni;iiM noHHTiieM KacKaflHoro co- 
eflHHeHiia ciiCTeM 6e3 3ana3flMBaHiia. B n. 3 mm ctpohm KOHcepBaTiiBHyio 
peajiH3an,Hio pa3JiO)KHMOH BHyTpeHHen onepaTop-(pyHKn,HH b Snxpyre, 3a- 
TeM npHBO^HM onpe^ejieHHH flHjiaTan,HH, ynpaBjiaeMOCTH, HaSjiiOflaeMOCTH h 
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MHHHMajIbHOCTH flJIfl CHCTeM BH^a (0.1) (sTH nOHflTHH HCCJieflyiOTCa HaMH B 

[13, 14]) h noKa3biBaeM, hto nocTpoeHHaa peajiH3anria OKa3biBaeTca HaSjiio- 
flaeMoii, a ^Jia cjiynaa flBycTopoHHe BHyrpeHHirx onepaTop-cpyHKiiHH 9\ h 
^2^TaKJKe ynpaBJiaeMOH h MiiHiiMajibHoft. 

1 ripe^BapHTejibHbie CBe^eHHa 

B cjiynae N = 1 ciiCTeivia (0.1) HMeeT bh^ 

f x(t) = Ax(t-1) + Bu(t-1), . , , 

= Ca;(*-i) + £>«(*-!), U- 1 ) 

a ee nepe^aTOHHaa (pyHKiina: 

a (z) = z£> + zC(I* - zA)~ 1 zB. (1.2) 

CncTeivia a = (1; A, B,C, D; X ,14, y) Bima (1.1) aBJiaeTca ciiCTeMoft c e^n- 
hhhhmm 3ana3flbiBaHHeivi: Bbixo^Hbie ^aHHbie b Ka>KflbiH momcht BpeivieHH 
onpe^ejiaiOTca coctohhhjimh h BxoflHbiMH ,a,aHHbiMn b npe^bi^yinHH momcht 
BpeMeHH. Ecjih fljia Bcex t G Z + nojico-KHTb £(£) := «(t), ry(t) := y(t + 1), to 
cncTeivia (1.1) npimiiMaeT CTaH^apTHbifi bh^ 

s \ n(t) = Cx(t) + Dtit), (teZ+) (L3) 

T.e. yjKe aBJiaeTca ciiCTeMoft 6e3 3ana3^biBaHHa, a ee nepe^aTOHHaa (pyHK- 

W E (;z) = £> + ;zC(I* (1.4) 

^HCCHnaTHBHOCTb (cOOTB., KOHCepBaTHBHOCTb) CHCTeMbI (1.3), KaK H CHCTe- 

Mbi (1.1), 03HaHaeT, hto Maipniia CHCTeMbi 



G 



.4 B 
C D 



e[x®u,x®y] (1.5) 



onpe^ejiaeT OKHMaioiiniii (cootb., yHHTapHbiii onepaTop). 3aMeTHM, hto ar- 
peraT (1; A, B, C, D; X, 1A, y) flJia CHCTeM (1.1) h (1.3) aBJiaeTca o6iu;hm h 
b cjiynae, Kor^a onepaTop G 113 (1.5)-yHHTapHbiH, Ha3biBaeTca yHHTapHbiM 
y3JiOM, a onepaTop-cpyHKjxiia (1.4)-xapaKTepHCTHHecKOH (pyHKinieii SToro 



4 



y3Jia. 063op TeopnH yHHTapHbix y3JiOB cm. b [16]. 063op Teopiiii ^hcch- 
naTHBHbix (hjih, b flpyroii TepMiiHOJioriiii, naccHBHbix) chctcm pacceaHHa 
BHfla (1.3) cm. b [17], a TaioKe b [18]. SaMeTHM, hto nepexofl ot chctcm 
(1.3) k CHCTeMaM (1.1) He npiiBOfliiT k cymecTBeHHbiM H3MeHeHii5iM Teo- 
piiii. TaK, HanpiiMep, nepe^aTOHHbie (pyHKHiin (1.2) h (1.4) CBa3aHbi coot- 
HoineHneM 9 a (z) = zW^(z). H3bcctho [19, 16], hto Kjiacc nepe^aTOHHbix 
(pyHKn,HH KOHcepBaTHBHbix criCTeM pacceaHHa BH,a,a (1.3), c npocTpaHCTBa- 

MH BXOflHblX flaHHblX U H BblXOflHblX flaHHblX y (xapaKrepncTHHecKHx (pyHK- 

hhh cooTBeTCTByioinHx yHHTapHbix y3JiOB), coBna^aeT c S(U,y). Ohcbhaho, 
S°(U,y) = zS(li,y). TaKHM o6pa30M, KJiacc nepe^aTOHHbix (pyHKHiiii koh- 
cepBaraBHbix CHCTeM pacceaHPia BH^a (1.1) coBna^aeT c S°(U,y), hto hb- 
jiaeTca HacrabiM cjiynaeM (flJia N = 1) pe3yjibTaTa, ynoMHHaBineroca bo 

BBefleHHH. 

nycTb £W = (1;AW,BW,CW,DW;XW,U,V) h £( 2 ) = {l;A^\B^\- 
C^ 2 \ D^; V, 3^)^CHCTeMbi BH^a (1.3). Kacnadnoe coedunenue 
(cm., HanpriMep, [18] ) ecTb cncTeMa £ = E^E^ BH^a (1.3), KOTopaa 06- 
pa3yeTca, ecjin Bbixo^Hbie ^aHHbie rj^(t) CHCTeMbiE^ 1 ) paccMaTpiiBaTb KaK 
BxoflHbie flaHHbie £^(£) chctcmm £( 2 ) b KajKflbiii momcht BpeMeHii t. TIojj,- 
poSHee, 3anHHieM ypaBHeHHa chctcm: 

x {2 \t + 1) = A^x^(t) + B^^ 2 \t), x^(t + 1) = AW X W(t) + B^^Kt), 
npnpaBHHBaa £^(£) = T]^(t) h ynpom,aa, nojiynaeM 





-1)1 




_ X W(t-\ 


-1) j 





AW 





' xW( t ) ' 




- fl(2)£(l) " 




_ xW(t) _ 


+ 





r,W(t) = [ D W C W ] 



xW( t ) 
X W( t ) 



DW D W^)( t ). (1.6) 



TaKHM o6pa30M, KacKa^Hoe coe^HHeHHe £« H E( 2 ) -3TO CHCTeMa Zj 

(1; A, B, C,D;X = X^ © U, y), r^e onepaTopbi A, B,C,D onpe^ejia- 

K)Tca H3 (1.6). IlpH 3tom MaTpnua 3TOH CHCTeMbi Gj; (cm. (1.5)) flonycKaeT 

(paKTopH3an,Hio: 



A (2) £(2)£i(l) ^(2)£)(1) 

AW B W 

C (2) £)(2) C i(l) £)(2)£)(1) 
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■ 4(2) o i r i xW o o 

I xW A™ 

C( 2 ) D( 2 ) D« 



(1.7) 



B nacTHOCTH, H3 3TOH (paKTopH3aii;HH cjie^yeT, hto KacKa^Hoe coe^HHeHne 

flHCCHnaTHBHblX (COOTB., KOHCepBaTHBHblx) CHCTeM paCCeaHHa BH^a (1.3) 3B- 

jiaeTca TaK>Ke ,a,HCCHnaTHBHOH (cootb., KOHcepBaTHBHoii) chctcmoh paccea- 

HHM BHfla (1.3). OcHOBHOe CBOHCTBO KaCKa^HOrO COe^,HHeHH5I-3TO (paKTopri- 

3aHiia 



Otmcthm, hto b cjiynae KOHcepBaTHBHbix CHCTeM pacceaHna noHaTHio Kac- 
Ka^Horo coe^HHeHHa b TepMimojioriiii CTaTbH [16] OTBenaeT noHaTHe npoH3- 
Be^eHHa yHHTapHbix y3JiOB. Oho Hcnojib30Bajiocb fljia H3yneHHa cpaKTopn- 
3an,HH (1.8), c flonojiHHTejibHbiMH CBOHCTBaMH (peryjiapHOcra, (+/-) pery- 
jiapHOCTn), onepaTop-cpyHKHHH KJiacca Illypa b [16, 20]. 

2 KacKa,a,Hbie coe^HHeHna MHoronapaMeTpHHec- 

KHX JIHHeHHblX CTaD;HOHapHbIX ^HHaMHHeCKHX 
CHCTeM 

nycTb a M = (Af;A« BWcWdM^W^V) h = (N; A^ 2 \ B^ 2 \- 
Q^ 2 \ D( 2 ); X^ 2 \ V, ^-CHCTeMbi BH^a (0.1). Tax KaK ohh aBjiaiOTca ciiCTeMa- 
mh c 3ana3flbiBaHHeM, Bbixo^Hbie ^aHHbie y^\t) ciiCTeMbi mojkho pac- 
CMaTpuBaTb KaK Bxo^Hbie ^aHHbie u^it) CHCTeMbi TOJibKO fljia cjieflyio- 
ihhx no KajK^ofi "BpeMeHHofl" och 3HaaeHHH t + e& . IIosTOMy npn onpe^ejie- 

HHH KaCKaflHOrO COeflHHeHHa TaKHX CHCTeM B03HHKaeT HeoSxOflHMOCTb BKJIK)- 

hhtb b npocTpaHCTBO cocToaHHH hoboh CHCTeMbi eme O^Hy KOMnOHeHTy- 
npoMejKyTOHHoe npocTpaHCTBO V, r^e KajKflbifi bmxo^hoh CHrnaji y^(t) 6y- 
^eT "flOJKHflaTbca" cjieflyioiHHX momchtob t + e& , Kor^a oh no^aeTca Ha BXOfl 
CHCTeMbi a>( 2 \ Bojiee no^poSHO, 3anHHieM ypaBHeHHa chctcm: 





a 



x [j) (t) = EL(4^ 0) (t - e k ) + B^\t - e k )), 
y U) (t) = ELiVPxUHt - e k ) + - e k )). 



(J = l,2) 
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Ilojiaraa v(t) = y^(t), a 3aTeM u^(t) = v(t), nojiy^aeM 





N 


r 


v(t) 


= E 




_ X W(t) _ 


k=l 


v. 



A 



(2) B (2) 



k 






k 










A? 



v(t - e k ) 



+ 



D 
B 



(i) 

k 

(1) 



U 



(1) 



(* - e/fc) 



A* 



,«(*) = E Cf Df 



z (2) (*-e fc ) 
u(* - e/fc) 



(2.1) 



Onpe^ejieHne 2.1 KacKaduoe coeduueuue ciiCTeM = (N; A^\ B^,- 

-3TO CHC- 

T e M a a = a^a^ = (TV; A, B, C, D; X = X^ ®V ® X^\U,y), r fl e HaSopu 
onepaTopoB A,B,C,D onpe^ejiaiOTca 113 (2.1) (Ha6op D coctoht h3 Hyjie- 
Bbix onepaTopoB). 



Otmcthm, hto npn stom JiimeftHbiH ny^OK 

zG a := z £ *° e[x®u,x®y] 

^onycKaeT oie^yioniyio cpaKTopH3anHio 





^B( 2 ) 







" 






' zA& 


2B( 2 ) 










2; 








ly 











zA^ 


2 


bw 









I x w 


zC& 


zW 














_ zCW 


zD^ 






























h 







h 












Jvd) 










z 


A« zBW 







/ v 













zC^ zB^ 





e [x {2) eve #w e w, eve © 



(2.2) 



(cp. (1.7)). npoMejKyTOHHbiii MHOJKHTejib ecTb MaTpima nepecTaHOBKii, ko- 
Topaa OTBe^aeT KaK pa3 3a to, ^toSbi b Kamffbrn momcht t bbixoahoh cet- 
Haji y^(t) CHCTeMbi OTnpaBjiajica b cooTBeTCTByiomyio KOMnoHeHTy V 
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npocTpaHCTBa cocto3hhh KacKa^Horo coe^HHeHHa a = a^a^ l \ a KOMnoHeH- 
Ta cocT05mna v(t) G V CHCTeMbi a no^aBajiacb Ha bxo^ CHCTeMbi a^ 2 \ 

TeopeMa 2.2 KacKa^Hoe coeflimeHiie /^iicciinaTiiBHbix (cootb., KOHcepBa- 

THBHblx) CHCT6M paCCeXHHH BHfla (0.1) eCTb flIICCIinaTHBHaH (COOTB., KOH- 

cepBaTHBHas) ciicreMa pacceaHiia Bii^a (0.1). 

,ZJOKA3ATEJlbCTBO. YTBep>K^,eHHe TeopeMbi cjie^yeT H3 onpe^ejieHiia ,0,11c- 
cnnaTHBHoii (cootb., KOHcepBaTiiBHoft) CHCTeMbi pacceaHiia Bima (0.1) ii (paK- 
Topii3an;iiii (2.2). □ 

TeopeMa 2.3 IlycTb h ct^W 1 )- ciicxeMbi 113 onpe^ejieHHR 2.1. 

Tor^a b HBKOTopon oxpecTHOCTH z = b <C N nepe^aTOHHbie (pyHKifiiii 6 a (i) (z) , 6 a (2) (z 



II a (2) a (l)(z) HBJIfllOTCfl rOJIOMOpCpHblMH II 



(2.3) 



( cp . (i.8);. 

^OKASATEJlbCTBO. YTBepjKfleHHe TeopeMbi mojkho BbiBecTH 113 HHTepn- 
peTaHHii nepeflaTOHHoii cpyHKHiiii CHCTeMbi KaK cooTBeTCTBiia OToSpajKeHna 
Bxofl-Bbixofl b t.h. Z-o6pa3ax (cm. [12]), T.e. 6e3 paccMOTpeHiia npocTpaHCTB 
cocToaHHH CHCTeM a^ l \ oP^ ii ck^W 1 ). O^HaKO mm ^OKajKeM ero Heno- 
cpe^CTBeHHO, nojiB3yacb Bbipa»<eHHaMH nepeflaTOHHbix (pyHKiniii nepe3 ko- 
3(p(pHHHeHTbi CHCTeM (cm. (0.2)), nonyTHO nojiyHHB (popMyjiy ^Jia pe30Jib- 
BeHTbi R A (z) = {Ix — zA)~ l HaSopa A ocHOBHbix onepaTopoB KacKaflHoro 
coeflHHeHHH. OneBH^HO, b HeKOTopoii OKpecTHOcra r TOHKII Z = B 
onpe^ejieHbi h rojiOMopcpHbi pe30JibBeHTbi R A w{z) = (I x w — zA^) -1 h 
R A (t)(z) = (Ixw ~ ^A^ 2 )) -1 HaSopoB A^ h A( 2 ) ochobhmx onepaTopoB chc- 
TeM c^ 1 ) h . Tor^a b T onpe^ejieHa 11 rojiOMop(pHa pe30JibBeHTa R A (z) h 
cnpaBe^jiHBO paBeHCTBo: 



Ra(z) = (Ix-zA)- 1 



I 



x^ 








R AW (z) R A( v(z)zBW 
I v 




zA( 2 ) -zB™ 

I x w ~ zA^ 
R aW (z)zB^zC^R aW {z) 



-zB& 

h 




zC^R AW (z) 
Raw i z ) 
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Tor^a b T onpe^ejieHbi h rojiOMop(pHbi 9 a (i)(z), 9 a (2)(z) h 9 a (2) a (i)(z), h 



x 



O a w a w (z) =zB + zCR A (z)zB = [ zC& zT>^ 

R A( 2){z) R a(2) (z)zBW R a(2) (z)zB^zC^R a(1) (z) 1 I" 
I v zCWR AW (z) zB^ 

R A m(z) I zB^ 

' R A( 2 ) (z)zB^9 aW (z) 
= [zC^ ^D( 2 ) 0] 9 aW (z) 

R AW (z)zBM 

= zCWR AW (z)zB^9 aW (z) + zB^9 aW (z) = 9 aW (z)9 aW (z) 



hto h TpeSoBajiocb ,a,OKa3aTb. □ 

^jia cjiynaa N = 1 mm HMeeM Tenepb flBa noHaTiia KacKa^Horo coefliiHeHiia: 
fljia cncTeivi c 3ana3flbiBaHHeM, Bima (1.1), h chctcm 6e3 3ana3flbiBaHHa, BH^a 
(1.3). IlycTb a = (1; A, B,C, D; X ,U,y)-cmcTeM& Bn,a,a (1.1). Onpe^ejiiiM 
CHCTeMy S(a) = (1; A, B, C, D; y®X,U, y) bhr& (1.3) cjieflyiomiiM o6pa30M: 



G 



E(a) 



A B 

C D 






C 


D ' 









A 


B 




(2.4) 


h 













Teopeivia 2.4 OToSpaxeHfre £(■) odjia^aer cbowctb&mw. 
(i) E(«( 2 )«( 1 )) = E(«( 2 ))S(«( 1 )); 
(iij %)(^)=^( Z ). 

^OKA3ATEJIbCTBO. llyCTb tt« = (1; A^, B^, C^, D«; A'W, W, V), Ct^ = 
{l;A( 2 \B( 2 \C( 2 \D^;X( 2 \V,y) -CHCTeMbi BH^a (1.1). Tor^a, corjiacHO (2.2), 



- A m 


bm 














C(D 


0(1) 








^(1) 




_ 


D (2) 









e [#< 2 > © v e © w, * (2) © v © ;t (1) © y]. 
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Tor^a, corjiacHO (2.4), 






C(2) 


DM 











AM 


b m 

















C(i) 


£)(1) 











AM 




h 















e e ;r (2) eve ewj® xM eve e y]. 

C flpyroii CTopoHbi, corjiacHO (2.4), 






c m 


DM - 

















bm 


g [Ve 


5 XW C 


BU,Vd 






h 





















cm 


DM Z 















AM 


bm 


g [3^ 


B ^ (2) ( 




B XM ( 


b y] 


h 



















Tor^a, corjiacHO (1.7), 








CM 


DM 













AM 


bm 



















CM 


DM 











AM 


bm 




lb 















g [y e # (2) eve #w ©wj® #< 2 > eve ;r w e y], 

hto coBna^aeT c G^ a (2) a (i)^, h (i) ^0Ka3aH0. J\jik ,a,0Ka3aTejibCTBa (ii) 3a- 
MeTHM, hto CHCTeiviy E(a) mojkho npecTaBHTb b BH^e E(ct) = E^E^, r^e 
E^ = (l;i,B,C,D;^WJ) h E( 2 ) = (1; 0, I y , I y , 0; y, y, J)-CHCTeMbi bh- 
,a,a (1.3). Tax KaK W E (2)(z) = zly, W E (i)(z) = D- s r zC{Ix — zA)~ 1 B, corjiacHO 
(1.8) h (1.2), HMeeM 

W na) {z) = W^ ) (z)W sm (z) = zD + zC{I x - zA)~ l zB = 6 a (z), 

hto ii TpeSoBajiocb ^OKa3aTb. □ 

3AMEMAHHE 2.5 ,I[oKa3aTejibCTBO CBoficTBa (ii) mojkho Sbijio npoBecTii, Heno- 
cpe^CTBeHHO BbinncaB Ws^(z), o^HaKO npnBe,a,eHHoe ^OKa3aTejibCTBO o6t>- 
acHaeT CTpyKTypy ciiCTeMbi E(a) h MOTHBaipiio ee onpeflejieHiia. 
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anoMHHM onpe^ejieHHa ynpaBjiaeMOcra h HaSjiKmaeMOCTH (cm., Hanpmviep, 
[17]), oSmrie fljia chctcm Biyja (1.3) h (1.1). IlycTb a = (1; A, B, C, D; X, U, y). 
OnpeflejiHM noflnpocTpaHCTBa b X: 

oo oo 

X c a = \J A n BU, x° a = \J (A*) n c*y 



n=0 



n=0 



(3flecb " \/ n £ n "o6o3HaHaeT 3aMbiKaHne jiiihchhoh 060J10HKH mhojkcctb C n ). 
CncTeivia a Ha3biBaeTca ynpaeAHeMou (cootb., Ha6jiiodaeMou) , ecjin X£ = X 
(cootb., X° = X). CiiCTeMa a-ynpaBJiaeiviaa Tor^a 11 tojibko Tor^a, Kor^a 
conpttwceHHdtt cucmeMa a* := (1; A*, C*, B*, D*; X, y, t/)-Ha6jnoflaeMaa. 

Teopeivia 2.6 OTo6paxeHne E(-) o6jia/iaeT CBO&CTBaMii: 

(i) ct-fliicciinaTiiBHafi (cootb., KOHcepBariiBHafi) CiiCTeMa paccexHiix Bii^a 
(1.1) Torjia 11 tojibko Tor^a, Kor/^a ^(^-fliicciinaTiiBHafi (cootb., KOHcepBa- 
THBHas) CHcreMa paccexHiia Bn%a(l.?>); 

(ii) ecjin G a (X @U) = X © y, to ciicreMa a Bii/ia (1.1) -ynpaBJiaeMax 
Tor^a 11 tojibko Tor/ia, Kor^a CiiCTeMa S(ct) Bii^a (1.3)-ynpaBJi$ieMaii; 

(Hi) CHcreMa a Bup^a (l.l)-Ha6jiiOflaeMafi Tor^a h tojibko Tor^a, Kor/ia 
CiiCTeMa S(«) BH/ia (1.3)-Ha6jiioflaeMafi. 

^OKASATEJlbCTBO. (i) Henocpe^CTBeHHO cjie^yeT H3 (2.4), TaK KaK onepa- 

TOp Gs(apC>KHMaiOmHH (COOTB., yHHTapHblii) TOTR& H TOJIbKO Tor,a,a, Kor^a 

onepaTop G a -c>KHMaioiii,HH (cootb., yHHTapHbiii). Hto6m ^OKa3aTb (ii), 3a- 

M6THM, HTO 



X, 



E(q) 



D 
B 



"V V 



\n=0 



CA n B 
A n+1 B 



U 



D 
B 



c 

A 



ECJIH X^ {a) = y © X, TO 



X = P X X% (a) =BU\J AX c a = X c a 

(3flecb Px o6o3HaHaeT opTonpoeKTop Ha noflnpocTpaHCTBO X b y (B X). 06- 
parao, ecjiH X£ = X h G a (X © U) = X © y, to 



X, 



E(a) 



D 
B 



U\J 



c 

A 



X 



D C 
B A 



(u®x) = y®x. 
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TaKHM o6pa30M, (ii) ^0Ka3aH0. Tax kbr 

/ oo 









(A*) n C* 



to ^(a) = y ® ^ Tor^a 11 tojibko Tor,n;a, Kor^a X° = X, 11 (iii) TaKJKe 
^OKa3aHO. □ 



3 KoHcepBaTHBHaa peajin3au,n5i pa3Jio^cHMOH BHyT- 
peHHeii onepaTop-c[)yHKii,nn b Smcpyre 

anoMHHM, hto onepaTop-(pyHKn,Ha 6 : — > [W, 3^] Ha3biBaeTca BHyTpes- 
Heii (cootb., flBycTopoHHe BHyTpeHHeii), ecjin OHa rojiOMopcpHa b h ee 
rpaHHHHbie SHaueima 0(£) ^Jia iiohtii Bcex £ G aBJiaiOTca H30MeTpiiHec- 
kiimh (cootb., yHHTapHbiMii) onepaTopaMii. IlycTb 9\ : ID) — > [U, V], #2 : D — > 
[V, 3^]^BHyTpeHHHe onepaTop-cpyHKuiiii, npiiueivi #i(0) = 0, #2(0) = 0. Tor^a 
9(zi,z 2 ) = ^2(^2)^1(^1) : I^ 2 — >■ [W) 3^]^BHyTpeHHaa onepaTop-cpyHKuiia, npn- 
tom 0(0,0) = 0. Onpe fl ejiHM ciiCTeMy ai = (1; A™, D^; U, V) 

BHfla (1.1) cjieflyiomiiM o6pa30M: nojio>KHM X^ := Hq{V)Q9\H 2 {IA)^ r^efljia 
cenapaSejibHoro riuibSepTOBa npocTpaHCTBa T-L npocTpaHCTBO Xap^n H 2 (T-L) 

COCTOHT H3 ^-3HaHHbIX (pyHKITIlH fl(z) , TOJIOMOpCpHblX B D II TaKHX, HTO 

/•27T 

sup / ||/i(re ls )|| 2 < 00, 

0<r<l Jo 

a i7g('H)-ero no,ii;npocTpaHCTBO, cocToaniee 113 cpyHKUHH /i(z) TaKirx, hto 
h(0) = 0; 

= sfV^Ozi) - 2i^ 1} ), (x^ G 2-i G D) 

= z^ 1 (e 1 (z 1 )-z 1 (e 1 ) 1 )u, («ew, 2l 6D) 

D {l ^u = {O^u {ueU) (3.1) 

r^e x^ 11 (^i)i-l-bifi xoscpcpimiieHT MaKJiopeHa BeKTop-cpyHKUHii x^(z\) 
(onepaTop-cpyHKuiiii d\(zi)). AiiajioniHHO onpeflejiiiM ciiCTeMy a 2 = (1;- 

,4(2) ^(2)^(2)^(2)^(2)^^) 

Bima (1.1), nojiaraa 

: = H 2 (y)ee 2 H 2 (vy } 
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(A^x^)(z 2 ) 
(B^u)(z 2 ) 

C (2) x (2) 



(X 



(2), 



*2 



Z 2 xf ] ) 



z 2 1 (9 2 (z 2 )-z 2 (9 2 ) 1 )u, 



(xW e z 2 e 
(u eU, z 2 e D) 



x 



(2) 
1 ) 



(X 



(2) 



G X™) 



(6 2 ) lU (ueU) (3.2) 

Tor^a fljia k = 1,2 a^-npocTaa (T.e. Taxaa, *ito X^ k \J X° k = X^) koh- 
cepBaTHBHaa peajin3an,na onepaTop-(pyHKn,nn 9 k- 3to yTBep>K^eHHe JierKO 
cjie^yeT H3 cooTBeTCTByiomero pe3yjiBTaTa [15] o npocTbix KOHcepBaTHBHbix 
peajiH3aniiax Bima (1.3) BHyTpeHHiix onepaTop-cpyHKHHH, npiuvieHeHHoro k 
(pyHKunaM z^ 1 9k(zk), nocjie oneBiiflHoro nepexo^a k ciiCTeiviaM BH^a (1.1), 
onncaHHoro be. 1. Bojiee Toro, ct^-HaSjiioflaeMaa ciiCTeivia. ^eficTBHTejibHO, 
ecjmx^ g p£ =Q Ker(CW(AW) n ),ToVn G Z+ C {k \A^) n x {k ^ = 4+i = H , 
TaK KaK } = 0, to x^ = 0; tskhm oSpasoM, f|^o #er(CM(jlM) n ) = {0}, 
3HaHHT, = Af^. Ecjih 9k(zk) ecTb flBycTopoHHe BHyTpeimaa onepaTop- 
(pyHKuna, to ct^ Sy^eT TaKJKe ynpaBJiaeMOH CHCTeMOH (sto HeTpynrio no- 
Ka3aTb, nocTpoHB aHajiornHHyio HaSjno^aeMyio KOHcepBaTiiBHyio peajiii3a- 
d,hio onepaTop-(pyHKn,HH 9* k (zk) := 9k(~z~k)* h BOcnojib30BaBinHCb e^HHCTBeH- 

HOCTbK), C TOHHOCTbK) ,3,0 yHHTapHOrO nO^oSna, npOCTblX KOHCepBaTHBHblX 

peajiH3aniiH onepaTop cpyHKHHH KJiacca Illypa [16]). Onpe^ejiHM Tenepb cue- 
TeMbi^ 1 ) = (2;A( 1 ),B( 1 ),C( 1 ),D( 1 );A'( 1 ),W,V)h«( 2 ) = (2; A( 2 \ B( 2 \ & 2 \ D( 2 ); X^ 2 \ V, 
3^), nojiaraa fljia j G {1, 2}, k G {1, 2} 



A) 



r^e 5 



'jk 



1, k 



J, 



OnpeflejiHM ciiCTeMy a 6 



'jkf (3-3) 
(2;A,B,C,D;- 



, : . „ -c^W 1 ) 

0, k ^ j. 

X = X^ © V© X^\U,y). CorjiacHO (3.1), (3.2), (3.3), (2.1), ee K 03 (p(pH 
nrieHTbi onpe^ejiaiOTca cjieflyiomiiMH (popMyjiaMH: 





" x^ ■ 









(* 


V 


= 


9(1) 

. z^ l {x^ l \z 1 )- Zl X^) _ 






' xW ■ 




' z^ix^iz^-z^)^ 


-z 2 1 (9 2 (z 2 )-z 2 (9 2 ) 1 )v ' 


^2 


V 

. x(1) . 


= 







(B lU )(z) 





(9i)iu 
z^ 1 (9 1 (z 1 )-z 1 (9 1 ) 1 )u 



(B 2 u)(z)=0, 
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Ci 



V 

D\ = D 2 



0, Co 



0, 



x^ 
v 



r^e G i (2) G A^ 2 ), i; G V, z = (z 1 ,z 2 ) G 

BbiTeKaeT cjie,n;yioni;HH pe3yjibTaT. 



H3 TeopeMbi 2.2 



Teopeivia 3.1 CiicxeMa ot e ecxb KOHcepBaTiiBHax peajm3an,iix onepaxop-cpyHKiimi 
9( Zl ,z 2 ) = 2 (2 2 )0i(*i) G 5 2 °(W,y), w^(^) g S°(U, V), 9 2 (z 2 ) G 5°(V,y)- 
BHyTpeHHiie oneparop-cpyHKifim b D. 

Cjie^CTBHe 3.2 (pyHKifHn 9(z\, z 2 ) H3 TeopeMbi 3.1 npe/^CTaBjiaerca b bhjj£ 

9{z u z 2 ) = z 2 C 2 (I x - z x A x - z 2 A 2 y x z x B u (z = {z u z 2 ) G D 2 ) 
r^e fljis BCXKoro ( = ((j, C2) G T 2 oneparop 



C 2 c 2 



g e w, at e 



zBJizeTca yHHTapHMM. Tax Kan 9i(z\) = zi(/>i(zi), 9 2 (z 2 ) = z 2 (j> 2 (z 2 ), r^e 
4>i(zi) G S(U,V), 4> 2 {z 2 ) G S(V,y)-BHyTpeHHHe onepaTop-dpyHKii^im b D, 
nojiynaeM, hto 4>(zi, z 2 ) := 2 (z 2 )0i(zi) (r.e. npoH3BOJibHan pa3JioxHMan 
BHyTpeHHfm oneparop-cpyHKii,!!}! 113 Kjiacca S 2 (U,y)) flonycxaeT npe/i,CTaB- 
jiemie b Bii^e 

4>( Zl ,z 2 ) = C 2 (I X - z 1 A 1 - z 2 A 2 y x B x , (z = { Zl , z 2 ) G D 2 ) 
r^e fljis BCHKoro ( = £ 2 ) G T 2 oneparop 

e[x ®u,x ®y] 



c 2 



XBJIfieTCfl yHHTapHMM. 

3AMEHAHHE 3.3 KoHKpeTHbiii npiiMep kohcgpbsthbhoh peajin3an,nn mo- 
jkho nojiy^HTb h fljia npoii3BOJibHOH pa3AoofcuMou onepamop-cfiyHKitiUU 9(z\, z 2 ) 
9 2 (z 2 )9i(zi) KJiacca S 2 (U,y), nocTpoiiB KacKa^Hoe coefliiHeHiie flByxnapa- 
MeTpiinecKHx CHCTeM, OTnpaBJiaacb ot npocTbix KOHcepBaTHBHbix peajiii3a- 
iniii onepaTop-cpyHKiniii #1(21) G S°(U,V) h 9 2 (z 2 ) G S°(V,y). Cjie^CT- 
BHe 3.2 nojiHOCTbio nepeHOCHTca Ha stot cjiynan. Mojkho TaK>Ke noKa3aTb, 
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hto fljia onepaTop-(pyHKn,HH 0k{zk) £ S°(Uk,Uk+i)(k = 1, ■ ■ ■ , N) onepaTop- 
(pyHKn,Ha 9(zi,...,z N ) = N (z N ) ■ ■ ■ 9i(zi) E S%(Ui,Un+i) h nocTpoiiTb ee 
KOHcepBaTHBHyio peajni3aii;iiio, cocTaBJiaa nocjieflOBaTejibHbie KacKa^Hbie co- 
eflHHeHHa iV-napaMeTpiinecKiix CHCTeM, OTnpaBJiaacb ot npocTbix KOHcepBa- 
thbhmx peajiH3an;HH onepaTop-(pyHKii;iiH Qu{ z k)- 

IlycTb a = (l;A,B,C,D;X,U,y) h a = (l;A,B,C,D;X,U,y)-flfie 
CHCTeMbi o^Horo 11 Toro >Ke Bima(1.3) iijiii (1.1). CiiCTeMa 5 Ha3biBaeTca 
dujiamai^ueu CHCTeMbi a, ecjiH 

i = P©IffiD„ A = P^2|^, B = P X B, C = C\X, 
AV cV, CV = {0}, A*V, c £>*, 5*©* = {0}. 

IlycTb a = (TV; A, B, C, D; X,U, y) h 5 = (A/"; A, B, C, D; X, U, 3^)-,a,Be 
CHCTeMbi BH^a (0.1). CiicTeMa 5 Ha3biBaeTca dujiamai^ueu chctcmbi a, ec- 
jih fljia Ka>Kfloro £ G OflHonapaMeTpiiHecKaa CiiCTeMa := (1;£A,- 
£B, £C, CD; A", ZY, 3^) aBjiaeTca fliijiaTainieii o^HonapaMeTpiiHecKoii CHCTeMbi 
« c := (l;CA J CB,CC,CD;# J W,;y). CiiCTeMa a = (TV; A, B, C, D; X,U, y) 
Ha3biBaeTca MUHUMaAbHou, ecjin OHa He HBJiaeTca ,n;iiJiaTaii;iieH HHKaKoii flpy- 
roii, otjihhhoh ot Hee, CHCTeMbi. CncTeMa a = (N; A, B, C, D; X, U, y) Ha- 
3biBaeTCH ynpaeAneMOU (cootb., Ha6AtodaeMOu) , ecjiH X = V^jnX^ (co- 
otb., X = y^ eT N H3BecTHO (HanpHMep, cm. [17]), hto ^Jia N = 1 mh- 
HiiMajibHOCTb CHCTeMbi SKBHBajieHTHa ee ynpaBJiaeMOCTH h Ha6jno,n;aeMOCTii. 

Teopeivia 3.4 B ycjiOBiizx xeopeMbi 3.1, ciicxeMa ot e xBJixeTca Hadjuo^ae- 
moh, a ecjin 6i(zi), 62(22) (a 3naHviT, 11 0(zi, Z2))-A B ycTopoHHe BHyrpeHHiie 
onepaTop-cpyHKi^iiii, to a e xBjixeTCx Taxxe 11 ynpaBjiaeMon, 11 MiiHiiMajib- 

HOH. 

^OKA3ATEJlbCTBO. 3a(piiKCiipyeM npoii3BOJibHoe Q = (Ci> C2) £ T 2 . Tor^a 
0i,d(A) := ^i(ACi), 02^ 2 (\) := # 2 (A£ 2 )-BiiyTpeHHiie onepaTop-(pyHKiiiiii b D, 
a Ci^ a C2^ HX Ha ^ JIIO fl aeMbie KOHcepBaTiiBHbie peajiii3an;iiii Bii^a (1.1) coot- 
BeTCTBeHHO, a = a^a^ . CorjiacHO TeopeMe 2.4, S(ct^) = E(a^)S(a^) 
11 Wz( a 8)(\) = 6 (2) (i)(A). CorjiacHO TeopeMe 2.6 11 TeopeMe 2.4, E(al 1 ^) 

11 S(o;^ 2 )-Ha6jno^aeMbie KOHcepBaTiiBHbie peajni3an,ini Biyja (1.3) BHyTpes- 
hhx onepaTop-cpyHKipiH W ( W J\) = 9$ (A) = 6>i, Cl (A) 11 W / sfa (2) ) (A) = 

^a f2 (A) = #2,C2(^) cooTBeTCTBeHHO. Tor^a [20] iix KacKa^Hoe coe^HHeHiie 
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S(o;^)-Ha6jiiOflaeMaa KOHcepBaraBHaa peajiH3ainia BH^a (1.3) onepaTop- dpyHK- 
iihh WW) (A) = (a) (u(A) (= 9(XC)). no TeopeMe 2.6, a e c = a^a^- 

C C2 Cl 

HaSjnoflaeiviaa cncTeivia. SHaunT, h a^-HaSjiKmaeiviaa cncTeivia. AHajiornuHO 
^OKa3biBaeTca, hto b cjiyuae flBycTopoHHe BHyTpeHHen onepaTop-cpyHKinm 
0(zi, z<i) flJifl Ka>K^oro ( G T 2 cncTeivia o^-TaioKe ynpaBjiaeMaa, a 3HauHT, h 
MHHHMajibHaa. OTCio^a cjie^yeT ynpaBJiaeiviocTb, a TaKJKe MHHHMajibHOCTb 
CHCTeMbi a e . □ 

3AMEMAHHE 3.5 B cjiyuae pa3JiojKHMoii ^BycTopoHHe BHyTpeHHeft onepaTop- 
cpyHKUHH 9(zi,Z2) nocTpoeHHaa KOHcepBaraBHaa peajiH3auii5i CHCTeMbi a e 
OKa3biBaeTca ynpaBJiaeMOH, HaSjiioflaeMOH h MimiiMajibHoii. BooSme roBopa, 
mojkho noKa3aTb [14], hto npn N > 1 MHHHMajibHOCTb CHCTeMbi He SKBHBa- 
jieHTHa ee ynpaBjiaeMOCTH h Ha6jno,ziaeMOCTH. 
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